CHAPTER XXIII. 


CHANGE OF THE VARIABLES IN A MULTIPLE 
INTEGRAL. 


826. А NUMBER of cases have occurred in previous chapters 
in which the evaluation of an area or а volume has been much 
facilitated by a proper choice of coordinates, and changes 
have been made from one specific system of coordinates to 
another specifie system, such, for example, as from Cartesians 
to polars, or to elliptie coordinates. 

In particular, we have established the results, that in 
transforming from an z, y system, which may be regarded as 
Cartesian, to a u, v system, we have 


[у a= fred У) du dv; 


and when we change from a dubio SE Cartesian 2, y, 2 
system to another system in terms of new variables т, v, w, we 


have [уа ау |56. 24и dv dw, 


the symbol V' representing merely the value of V as expressed 
in terms of the new coordinate system. 

These changes have been found very especially useful in 
the case where the bounding curves or surfaces of the regions 
under consideration are themselves members of the three families, 


u=const., v=const., w=const. 


This was the case in the typical example of Art. 793, viz. the evalua- 
tion of the area of a Carnot’s cycle, bounded by isothermals xy=a,, 
ху=аз, and the adiabaties ау = [3,, 2у7= 8,; and it will be recalled that 
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2 CHAPTER XXIII. 
the region thus bounded was divided into elementary areas bounded by 
curves of the same types, viz. 
LY =W, cy =v, 
жу=м + би. xy! =v+ dv. 
Exactly the same course was followed in the three-dimension 
typical examples of Articles 797, 798. 


827. Further Examples. 
1. The quadrilateral bounded by the four parabolas 
gi-aux, =r, х=, c= f*y, 


revolves round the axis of y; find the volume generated. 
[CoLLEGES a, 1890.] 


If ôr бу be an elementary rectangle of this area, we have 
v= f ji 9т> dz dy 


Fig. 295. 


Now, instead of taking elements of rectangular shape such as ёл бу, let 
us divide up the area by the families of parabolas 


ао e ino И TRIBUNE MANI. РЕ (1) 


Then «=a and «=b, v—e and v=f are the bounding parabolas of 
the region, and tlie elementary area enclosed by u, u--Óu, v, v4-Óv is 
+ Jõu v. 
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From equations (1) 2= 10°, y = 1020, 
Tala 


v, Quy |= —3u*v*. 
O(u, о) Quo, u? 
b үу 
Hence Y-6r| | u3v* du dv 


=F atoe- 79) 


2. Evaluate the triple integral f f есуш taken through a volume 


bounded by six confocal quadrics, the semiaxes of the quadrics being 
а, б, Cry \ аз, bg, 6, | аз, bs, су, } 
and ay’, b,, сү, and a4, by’, су,) and ag, by, cy. 
(Maru. Trip., 1889.] 
Taking a definite confocal a, б, с, let the three confocals through any 
point z, у, z of the region be 
a 2a 23 
artak Wut apt z], 
(A + a9) (y. + a*)(v +a?) 
(02—09) (айв) 
2 Ox 1 20r 1 


and we have  z*— , еіс. (Art. 812); 


whence aOR ww in dmm ete., 
and = O(a, y 2) B d 1 ОИС BibT 
Olp, y) 8 |A+a®? pta? va. 
1 1 1 
Xxb kx vx 
1 1 1 
Ac pte? v+e 
Hence 


SJ qu -a/[[* ee IM v+ p+ 2 dA dp dv 


= У [log (А+ а*у] {[log (и + 5®)] [log (v + c*)] 
1 — [log (&+‹®)] [log (v + 0%)]), 
and at one set of the boundaries 


A+a=a,*, А+02= 0,2, A+c=c,?, 

pt+at=a,*, pt+b*=6,%, „-+‹=с,, 

v+at=a,’, v+b=b}, v+ct=c,*; 

and for the other set, 
A+a@=ay?, AUD —b,?, etc. 

Hence the limits for А are from a,*—a* to а? a’, 
for д from 0,2 — 02 to 0,2 – 02, 

for v from c-e to c*- с?, 
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Therefore 
f[[ 29-3 te 2 (log 35 log $ -log 385 log 2; 4) 
= log St , log Bh log x 
log а, log i log > 
log аа, log s log з 


828. Remarks оп the Transformation. 

The usefulness of а change of variables is not, however, 
confined to the case in which the bounding curves or surfaces 
of the region considered are partwular cases of the families of 
curves or surfaces by which it has been deemed desirable to divide 
up the region into elements and for which case the limits are 
constants. 

The process of transformation is threefold : 

(a) The transformation of the subject of integration into 
terms of the new variables. 

(b) The determination of the new element of integration, 

which resolves itself into the calculation of J. 

(c) The determination of the new limits. 

Of these, (а) and (b) are merely algebraic processes, and give 
no trouble. 

The determination of the new limits (c) however, often 
presents considerable difficulty to the student. And we can- 
not lay down explicit rules to be followed to suit all cases. 
Generally speaking, it is best to proceed, from geometrical 
considerations, first forming a clear idea of the region which the 
original element of area or volume was made to traverse. This 
will be clearly indicated by the limits of the integrals occurring 
in the expression to be transformed. Then the new limits 
for the transformed integral must be so chosen that the new 
element of area or volume, as the case may be, traverses the same 
region, once and once only, as was traversed by the original 
element in its march as defined by the limits of the original 
integral. 

The student will reyuire considerable practice in the assign- 
ment of the new limits, and therefore a number of illustrative 
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examples are appended from which he may gather an idea of 
the course to be adopted. 

And before proceeding to discuss them in detail the student 
is advised to note that at times, even a change of order in the 
integration, without any change in the variables, may be useful, 
and that in some cases an integration in different orders may 
lead to important conclusions. Some of the earlier examples 
are therefore confined to mere change of order with no change 
in the eoordinates, and the necessary change in the limits 
will be the subject of main attention. 


829. CHANGE OF ORDER OF INTEGRATION. 


b a | 
Ex. 1. Consider ji da [ dy f(x, y), all the limits being known constants. 


Here the space bounded by y=c, y=d, w=a, x=b is the region 
through which all products such as f(x, y) da Sy are to be added, viz. the 


Fig. 296. 


rectangle ABCD in Fig. 296. In the integration as it stands we integrate 
first with regard to y, keeping т constant, thus adding up all elements 
in such a strip as ASS'/' in the figure. Then all such strips are to be 


b 
added in the operation f ( )da. 
If we wish to change the order of the operation and express it as 
[ay [ax r6.» 


we have to assign the new limits. 
Clearly in this case the sum of such elements as we have considered, 
added up along such a strip as PQQ' 7" parallel to the z-axis, will be 


[лета 
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and the sum of all these strips, from у=с to y=d, will he 
d b 
Í dy Í dz f(x, y). 
b d d b 
Thus [ae [dy fee, y= [dy [ ac f у). 


It appears therefore that in the case of constant limits no change is 
entailed by a change in the order of integration. 


Ex. 2. Consider Í i Í T f(a, y) ах dy. 
o Jo 

Here the limits for y are from y=0 to у=х, and for « from x=0 to 
zz. 

These indicate that the boundaries of the region for which the elements 
f(x, y) 8a 8y are to be added are 

the x-axis, the line y—2z, the line v—a. 

And if instead of taking strips parallel to the y-axis, we add up the 

elements in strips parallel to the z-axis, of which PQQ'P' is a type 


.- 


л AN 


М ——————wf-—-—- 


P 


-----------ү 


RR' 
Fig. 297. 


(Fig. 297), this summation is to be taken from ж=у to z-a, and 
Í “Ha, y) dz will be the sum for the strip POQ Р. 
y 
These strips are then to be added from y=0 to y=a, giving 
[ [Panay ae 


as the transformed result. 


acosa А/дї_у3% 
Ex. 3. Consider F | Mes f(x, y) da dy. 


The region of integration is pene by the straight line y=vtan a, 
the circle у= „/а%— 22, and the y-axis. 

The present summation is that of strips parallel to the y-axis. If we 
change the order of the integration we must add up all elements in a strip 
parallel to the z-axis before adding the strips. 
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These strips change their character at the point where y=asina; from 
у=0 to y=asina, the length of a strip is bounded by the y-axis and 
the straight line y=x tana; from y=asina to y=a the strip is termi- 
nated by the circle. 


Hence the integration consists of two separate parts, viz. 


а sina ("y cota a Ма — y* 
Lo леи) [лю 


0 


Fig. 298. 


It is often useful to test general results and verify our conclusions by 
application to some simple case. Take, for instance, f(x,y)=1. Then 
the primary integral represents the area of the sector of a circle of 


radius a and angle 5-8. Hence the result should Бе фа? (2-4). 
The integration of the transformed result is 


a sina a 
| ycotady+ Í vat - у* dy 
0 asina 
T y? asina 1 P net y io Aa a 
-[% ota] +5[yva y + a? sin qum 
а? 


2 1 
A T t a а? (т 
sin а соза + $а#. у — азіпа сова — a=% (5 -«), 


2 2 2\2 


as it should be. 
Ex. 4. To change the order of integration in the integral 


а (Naz 

| | fs, у) de dy. 

o J Мах а? 

Here the region of integration is bounded by 

(1) The parabola у =ах. 

(2) The semicircle z*--y*-—ar, which we may note is the circle of 
curvature at the vertex of the parabola, and lies entirely within 


the parabola. 
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(3) The straight line «=a; and this is a tangent to the circle. 
Instead of adding up the quantities f(x, y) дх dy along strips such as 
DE (Fig. 299) parallel to the y-axis, and then adding the strips, we have 


Fig. 299. 


to add up elements in a strip parallel to the x-axis, and then add up these 
new strips. It will be noted that so long as y is less than 3 such strips 
are broken into two parts as FG and HK, but for values of y >$ they 


are continuous as at UV. Let W be the point of contact of the tangent 
ВО to the semicircle, which is parallel to the z-axis. The new integration 
must cover the three portions 
(1) AFBWGA; (2 WCKNHW; (3) BUPCWB. 
Referring to the figure in which the lines FA and UV parallel to the 
x-axis meet the y-axis at L and М respectively, 
In region (1), 
the limits for 2 are from LF to LG, and for y from 0 to NC. 
la'region (2), 
the limits for x are from LH to LK, and for y from 0 to NC. 
In region (3), 
the limits for x are from MU to MV, and for y from NC to NP. 
Hence the transformed result will be 


A а 


i (ivi Ti 
f f f, dy de | f Альда | £ (x, y) dy dx. 
o Jy 0 ANCE 2 


к=з а 


Ех. 5. Change the order of integration in 
z (14-cos 8) т f'a(14-cos 0) 
| f f(r, 0)rdé 2] | fr, 0)r dü dr. 
0 Jacos8 т JO 


As the integral stands, integration is effected through a region bounded 
by the upper half cardioide r —a(1 + cos 6), the upper half circle r=a cos Ө 
and the intercepted portion of the initial line. 
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When the order of integration is changed we are to add elements along 
strips which are bounded by circular ares as shown in Fig. 300, and then 
add all the strips. Let BC be the arc, with centre О, which touches the 
circle at B. Let MQ, M'Q' be contiguous arcs with centres at O inter- 
cepted between the circle and the cardioide, and УР, N'P' contiguous 


PP’ 


Fig. 300. 


arcs with centres at O intercepted between the initial line and the 
cardioide. Then the new limits of integration are : 


for 6, from 6=AOM to §=A0Q, for values of r from 0 to OB, 


and for 0, from 0—0 to 6=AOP, for values of r from OB to OA. 
The first of these accounts for the region 0M BCQO. 
The second accounts for the region A POBA. 
And the transformed integral stands as 


па Pila. oracio P^ é T(r, 8)r dr dé. 


Ex. 6. Change the order of operation in the integration system 


fa дах 


a (/2axz —z* 5 (5z—83a 
( f fts агау | 3d d) 
0 £ (2a —2) а 


ga Фа-т) 
М/дах —a* 
Tf. fv, y) da dy. 
= 54 0472 


www.rcin.org.pl 


10 CHAPTER XXIII. 


Here summation is effected by strips parallel to the y-axis within а 
region bounded by 
(1) the parabola 2ay=2(2a—2), 
(2) the semicircle *—2ax-— 2°, 
(3) the hyperbola 5xy = 2ax + 3ay. 
The coordinates of the intersections of the curves are shown in Fig. 301. 


Let C, D be the intersections of the circie and the hyperbola, and В 
the vertex of the parabola. Let LPQ be the tangent to the parabola at 
В, and let MD be drawn through D parallel to the z-axis, cutting the 
y-axis at L and M respectively. 

Then in division by strips parallel to the z-axis we have four regions 
to consider, viz. : (i) OPB, (ii) BQA, (iii) PRDQ, and (iv) RCEDR. 

We then obtain for the transformed result, 


3 canal шу 5 favi 
f | fos) ва | fii Wag tte 


0 а—Маз—у* a+Na*—2ay 
Say 
aL Nai ‘iy ба 
а М Y. ie. фаг, | ine, Dede 
а-Ма—у% ao a Ма? —y* 


the several opo of integration referring to the respective regions 
enumerated. 


і * at 
Ex. 7. Evaluate the integral ry n Y dz dy. [Sr. Jonx's Corr. , 1889.] 


As the integral stands, summation is conducted over the infinite region 
bounded by the line у=, the y-axis, and an infinite boundary, say 
у= а, where а is infinitely large, and along which the subject of integra- 


tion = is ultimately zero, the strips being taken parallel to the y-axis. 


Change the order of integration, taking strips parallel to the x-axis. 
The new limits are: for 2, from v=0 to z—y 


and for y, from y=0 to y=a. 
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And the integral becomes Lt,-. Í Y f À p dy dx 


= Leno | © [2] dy 


= сй, " dy 


0-61 


—Lt,-.(1-67)-1. 
Hence the value of the integral is unity. 


858) 


Fig. 302. 


Ex.8. Change the order of integration of the triple integral 
а Га—х la—z—y 

[| [ /(«, у, z) dæ dy dz 
in all possible permutations of dx, dy, dz. 
The integration referred to is evidently through the volume bounded 
by the three coordinate planes and the plane z4-y 4-z—a. 
The integration as it stands supposes this region divided into volume- 
elements ôr бу дг by means of slices or laminae parallel to the plane 20, 
subdivided into tubes or prisms parallel to the z-axis, and these further 
subdivided into elementary cuboids by planes parallel to the plane z=0. 


'The other modes of division and summation are obvious. 


And the transformations are 


Tu T. јо й (x, y, 2) dæ dz dy, 


а fa—y [а—у— 
[| 0 Је, у, г) dy dz dx, 
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a fa—y fa—z—y 
I [| 0 IG, Y z) dy ах аг, 
| Í , f (ж, у, г) dz dx dy, 


fw а—у—2 d d d 
LE / (т, у, г) dz dy da. 


Ex. 9. Express the integral 


1 — 
я а -z Nat —a* Г рег урар унару | 
КЎ | “EY fe, y, 2) de dy de 
; oJ0 y 


as an integral of the form 


J J Í fo, у, г) dy dz dax. 


In the first integral the region over which the summation is conducted 
is bounded by 
(1) the sphere 2* 4-5? +22 — a?, 
(2) the plane у= 0, 
(3) the plane +=0, 
(4) the plane z=y, 


Fig. 303. 


and the first integration was that of elementary cuboids in the tubes on 
dx ду for base and parallel to the z-axis. The second with regard to y 
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added the tubes in a slice parallel to the plane 7—0, and the third, 
integrated with regard to x, added up the slices. 

We аге now to construct tubes on ду д2 for base, and the limits for the 
first integration will be for x from 0 to Ма? — y? — 23, 


Fig. 304. 


Then we are to sum these tubes which are bounded on two sides by 
planes parallel to the plane of y=0, and the limits for z are from z=y to 
2= Май — у. 

Finally the slices thus formed аге to be added from y —0 to y= 


= 
A2 


The transformed integral is therefore 


d Í Vai-yà ce yi-a Hig Dy di de. 
о Jy» 


830. Examples of Change of the Variables. 

We shall use the notation V for any function of the original 
variables and V' for the same function expressed in terms of 
the new variables. 

In the case of change from Cartesians to Polars for two- 
dimension problems, the element of area da ду is replaced by 
т 80 ôr, and for three-dimension problems дз: ду д2 is replaced 
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by s?sin0 60 09 ôr. In converting from three-dimension Car- 
tesians to cylindrical coordinates dx ду д2 is replaced by the 
new element of volume r 60 ôr óz. 

It is convenient to remember these, as the labour of calcu- 
lating the new element from the general result, viz. 


Jóuóvów or 9(®, у. 2) s 50 dw 
O(u, v, w) 


is in these cases thereby avoided. 


831. Illustrative Examples. 


Ex 1. Show that [|^ Vdedy-[ [° Vudedv, 
if y-- xu, y uv. o Jo o Jo [CoLLEGES, 1881.] 
(Jacobi's Transformation, Crelles Journal, vol. xi. p. 307.*) 


Here r=u(l—v), у=, 
J-|1-v, -u |=u. 
Га 
Непсе и J ди 0v = и ди ôv. 


Also V upon transformation becomes У”. 
The transformed result therefore becomes 


f f V'udvdu or i [ V^u du dv, 


according as we are to integrate with regard to и or with regard to v first. 


In our example the former is the case. We now have to determine the 
proper limits of integration. 
In the original form the integration was for y from 0 to c—x and for 


2 from 0 to c. 
* Gregory's Examples, р, 41. 
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The region through which the integration is to be conducted is then 
that bounded by the axes and the straight line z4-y— с. 

The transformation formulae 

spo goi. 
indicate that the new division of the area is to be by means of lines 
drawn parallel to «+y=c and by radial lines through the origin, the 
lines u, м-Еби, v, v+év bounding the element whose area has already 
been formed, viz. u би dv. 

Let these lines be LM, Z'M', OP, OQ respectively. Then as we are to 
integrate first with regard to v, keeping v constant, we are to add up all 
the elements in the triangle OPQ, and afterwards add up the elementary 
triangles. In passing from О to P u increases from w=0 to «=c. 


Hence the first integration is Í * Vudu. 
0 
In the second integration D changes from tan 0 (ze. 0) to tan 90° 
(i.e. о), and v changes from 0 to 1. Hence the transformed result is 


1 fe 
Í [ Vu dv du. 
o JO 


If we had elected to integrate in the opposite order the result would 
have been $ 
[ Í V'u du dv. 
0 


Ex. 2. Change the variables in Í ахау to u, v, where z?4-y?—u, 
а%— y*—v; and apply the result to show that the area included between 
the circles 224+ 2 =а?, 2? + 2 = 0°, one branch of the hyperbola 22 — y?— c? 
and the axis of y is 

Ts. aia „АЕТ aint ee foe ан ль 1 ане а 
в (5 а?) +7 sin а-а +1 ЫРУ үө ч 


where c «a <b. (R.P.) 
Here =) 2x, 25у | = —8лу, 
2x, —2y 
La 1 1 
and therefore J- 78 ay = 1 па 
ы a2 ud dv dv " : : 
and the transformed integral is — – | | —————, where it remains to assign 
4) J Aut — а? 


the proper limits. 

The region over which summation is to be conducted is the portion 
ABECDFA of Fig. 306. 

If OFE be the asymptote of the rectangular hyperbola, the area of the 
portion FECD is plainly (70 – та?). We have then to turn our atten- 
tion to the portion ABEF. And for this the line FE is a case of 
rectangular hyperbola, viz. v—0. Hence for this region the limits are 
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constant, viz. и= а? and u=b*, v—0 to v—c?, and with this assignment of 
limits we may omit the — sign and take 


y ADD du dv 
Area ABEF=} A Sata 
b2 v=c? 
ЕР. [ [ sini? du 
4 a? 1,0 
1 mes 
=1)„ sin 1— du 
ыр. каше ГАО В 
goto = Ӯ iho 


Г 
= 1 [u sin^! ats c? cosh! A]. 


LU ani o aga unu PELO 
4 Иса qi*a арта 


. Fig. 306. 


Hence adding the portion FZCD already found, we have 


Area of ABECDFA 
а о РУНА 
4 8 a Nai d 


Ex. 3. Show by transforming to polar coordinates that 
tana fatan В da dy 
i T (+y ray 


s E (sin a tan~! (tan [3 cos a) -- sin f tan~! (tan a cos B)}. 
[Cornrkars, 1887.] 


C AA 2 
—1 LR 
4 Pu ait 


Putting «=rcos@, y=rsin@ and remembering that the element of 


area dx dy is replaced in polars by 766 ôr, we have | | ee and it 
remains to assign the limits for r and б. 


www.rcin.org.pl 


CHANGE OF THE VARIABLES, 17 


The region of integration is the rectangle bounded by «=0, »—a tan a, 
у=0. y=atan 8. If y be the angle which the diagonal through the origin 
: E tan 
makes with the z-axis, tan y — Ls E s 


ОУ a tan a A х 
Fig. 307. 


The whole integration consists of two parts, viz. 


atanasec8 rd dr T tan В cosec 0 dO dr 
[1 arr d MN ray 


the first referring to the portion of the rectangle between the diagonal 


and the z-axis, and the second to the part between the diagonal and the 
y-axis. 
This is clearly 


1 | ii a tan a весе TP 1 EON 
i -жра[ 9+5) L-area, 10 


iy cos? ) 1 fF sin?8 
=z f, (1 ~ eos?g + tan?a 40+ 2a? Jy (1 ~ sin?@+ od е 
EN tan?a 40 iM [ tan? 40 
2a? J, secu cos?@ --tan*asin?U ^ 2a?/, вес? sin? + tan? В cos? 


1 r sec? 40 1 1 созес?0 d@ 
0 


“Qa? J, cosecta + tan?0 ^ 2«?J, cosec?B + cot? 
А : PF Lgs { Y 
-ga [ sin a tan—(sin a tan 8) | +55 [ sin В ќат (зіп [8 cot 6] 
ы т 


эз 23 sin а tan™! (cos a tan 8) + 52 зір 8 tan-'(cos 8 tan a). 


Ex. 4. Two lemniscates whose equations are 7?=a,?cos26 and 
72 = bj? sin 20 respectively, are drawn through a point F, and two others 
whose respective equations аге 7? = а,? cos 20 and »?— 0,2 віп 20 are drawn 
through Q. P and Q are both in the first quadrant. The remaining 
intersections of the four curves in the first quadrant are £ and S. The 
coordinates of these points are respectively (r1, 64), (rs, 05), (rs, 03), (r4, ө): 
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It is required to show that the curvilinear quadrilateral thus enclosed 


V bien dies ide кура AL eI SRM 
2 \\sin 40, вір 40, sin 40, sin 40,/) 


Considering the two types r= ud сов 26, 2=v4 sin 20, we obtain 
"(elei and tan 20-4", 
и v v 


4 
? uv edi 
t.e. Fe ip 6=}tan s 
Q(r8) A |" "ow 1 1 


2 
1 
Неке us)" 1e whi айі le" BT 


dm Јева [eios E 


The limits of integration are a,‘ to a,! for u, and b,* tc b,* for v taking 
a positive sign before the integral. 


Hence а=“ [7 du dv 
16Ja4 Jos (up y) 
[а 
16/44 (u4- vy bu 
1 [94 1 1 


Ма agn Ей ос d 
"e Ten asa r 
E [096-6 wt | 
={[(Һ*+а,*)#-(Ь,*+а,)% — (044 + at) + (5,*++а,*)%] 
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Now the curves a,, b, intersect at 74, 0,, and 


A Tit m p E MAD 
ei thi P os? 20, sin?26, sin?46, 
Similarly, 
4r 4! 4rg* 47, 
4 4 _ 4 = 3 4 4— 2 
eto — sin? 46,’ x FPS ant ad,” and аё+Ь, sin? 46," 
BS Ры УВА ЧЫ t КЧ. T 
Penes T 9 f 48, ain 40, sin40, sin i. 
à Ft sin $ ЖЫ. с 
Ех. 5. Transform the integral | —— dd dO by the substitution 
o Jo Ysin Ө 
z-—sin$cosÓ, y-sin фзіп 0, 
and show that its value is 7. [Oxron» II. P., 1880.] 
‚_О(т, y) _|cos соз 0, —sin sin Ө 
m -j ~ Q($,0) |eosjsinÓ, зіп dcos 6 
= sin ф cos 
sin ф X 1 sin $ 
and Јум" 09% а9- | |. ф соз ius odes 


1 1 
= Aw EC T | d. ^e 
[] J1-2i- yi do 
The original limits were 0—0 to 6-7 and ¢=0 to ф= 5. 


Now 21+ 72 = зіп? ф and Z= tan д. 


Fig. 309. 


We may then regard the integration as extending through the positive 
quadrant of the circle 224+ 2 =1. The limits for x will then be from z—0 
to z—w1— 02, and for y from y=0 to y— 1. 
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Keeping y constant 


l(N1-y3] 1 
de ddi 
A} 


VN 


Е ы [ay 
o VY / ТУ i 
1] T 


1 
-f> gw-e] 
ovy 27 2|" До 


x=u(l +v) апа y-v(1l4 vw), 


Ех. 6. Show that if 


[ Гесу нина | (aras 


and prove the identity by finding the value of each integral. 
Here T l+v, u 
v 


[Охковр II. P., 1889.] 
aes o's 
‚ le! 
and 


(2-0) 2 (z--y)-1-— (u—vyt--2(u--v)d- 4uv +1 =(u+v+1}. 
Hence 


f fie-y$+ 2(a-+y)+ ip bdedy = f fdv du. 


Fig. 310. 

Next consider the limits. The region through which the summation in 
the first integral is to be effected is that bounded by the x-axis, the line 
y=, and the ordinate 2=2; Ze. the triangle OVA in the accompanying 
figure (Fig. 310). 


The loci 0 = сопзё., v —const. are respectively the lines 


u E кой, М Auth 
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We are to integrate first with regard to u, keeping v constant, 
i.e. along a strip formed by the lines v, v+ôv. These lines, represented 
by C,A,P,Q, and C,44,P,Q, respectively in the figure, form a strip of 
gradually widening breadth in passing from P to Q, for, as the intercept 
OC, on the x-axis increases (negatively), the line rotates counterclock- 
wise. It begins its rotation, as far as our triangle is concerned, with 
coincidence with ON, for which v—0, and ends its rotation when v=1, 
when the line is 1-5 =1, and passes.through R(2, 2), taking the position 
C'R. Now along the whole length of OR, ie. у= 7, we have u=v, and 
along the whole length of NR, т.е. c=2, we have 2=u(1 +v), te. wae. 

Нерсе, in integrating along the strip P,Q,Q,P,, keeping v=constant 


u changes from «=v at P, to vL at Q,- 


Hence the limits for и are v and 5, and for v, O and 1. 


2 

Hence f [«-э+8(@+)+1}7%4=4у= | [| dede. 

0 “0 0 Jv 

The student may show without difficulty that each side of the identity 
takes the value 2log 2 ~ $. 

If, however, the integration had been conducted in the reverse order, 
integrating first for strips along which w is constant, it is to be noted 
that the character of such strips changes when the line D,D,f passes 
through Æ(1, 0), the strips being terminated by OE (v=0) and OR (v—u) 


for the portion ОЕК and by EN (v—0)and VR (v=2- 1) for the second 
part. 
£4 
We then have [ auf du "+ rh du}, " de. 
Ex. 7. Obtain the value of 


Mey: элеше" 
bs ПТА (arta) m^ 


(pen) 


the integral being taken for all values z 2, у, 2, such that 
л? 


++ n 


We shall divide up the ellipabidal volume into a set of thin homoeoidal 
shells, that is shells bounded by ellipsoidal surfaces, concentric, similar 
and similarly situated with the bounding surface. Let a typical mem- 
ber of this family of Ж, һе 


Ре ый 
tort Р 


p lying between 0 and 1. 
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Then the volume of the shell bounded by p and p+ ёр is 
8($7 (ap)(bp)(cp)) = 4rabcp* p, 
and the value of +5 ene at points between the boundaries of the 


с? 
shell differs from р? by an infinitesimal only. 
Hence I= $ ; A T-P - 4тађер? dp. 
o *1+р 
Write Рт соз ф. 
Th "HN 1 — cos $ . 2 А 
еп PET. 4тађе. cos? b sin ф аф 


„как [ (1 — ona d) con® dd) 


=} rabe(3m — 8). 


Ex. 8. If 2ut+yv=a? and xv—yu=0, prove that 


a*du dv 
аа се и 
And if the limits in the former integral are y=0 to y—/a!—2* and 


4 —0 to x=a, investigate the limits in the latter. [Sr. Joun’s, 1885.] 
H _ ойи EM V. 
T “Bee INE 
12 — и?, —Quv at 
Jub жш , = зы э) 
us («+ 02) | — uv, 1 — v? (02+ 02)? 


LP | 
whence Ја - foc 


where V’ is what V becomes after substitution for z and y in terms оѓ 
u and v. 


Next, as to the limits. In Í f 4" Vda dy the integration is over the 
0 Jo 


region bounded by the positive quadrant of the circle 22+ y? — 
Eliminating v and « alternately, we have 


2 2 
а#+у%—= 2=0, ad yt — T y 0, 


and the curves u=const., v=const., are orthogonal circles touching 
the axes at the origin. Let us integrate first with regard to v, then with 
regard to u. Whilst integrating with regard to v, the element J du dv is 
bounded always by the two complete semicircles v and и + du, so long as 
this ring lies entirely within the circle z*+y?=a?, and the limits for v are 
from the case where the v-curve is a circle of infinite radius coinciding 
with the «-axis, to the case where it is a point circle at the origin. The 
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2 
radius is av Hence the limits for v are from v—0 іо т = о. And the 


2 
u-circle has a radius - and changes from a circle of radius 3 to a circle 


of radius zero, ùe. u changes from u=a to u=o. 
When the w-circle has a radius in excess of > the limits for v will be 


from the value of v for which Ње «-circle cuts the a-circle, viz. at Р, in 
Fig. 311, to the value of v for which the v-circle becomes a point-circle 
at the origin, ze. when v=o. 
Now at P we have 
a? a? 
— у = =q? —r-—a 
x 43--y*—a?* and fU 


£e. at that point =u and y=v, whence v?—a? — «?. 


Fig. 311. 


Hence the limits for v are from Уа — 12 to œ, and и now varies 
between the value which makes the w-circle a straight line coincident 
with the y-axis, i.e. —=0, and the value of u which gives a semicircle on 
the radius OA, Ze. «—a. Thus the integration referred to divides into 
two portions, the first referring to the portion of the quadrant included 
in a semicircle on OA for diameter, and the other to the remainder of 
the quadrant. 

Thus 


a UPEN 2 ° V’ du dv (| V'dudv 
Lf Vdzdy=a' | $ CETA o Јата (2+ v2)? 


atu a*y 
It may be observed that the transformation formulae x= wae М. Дир Ira 
indicate an inversion from the Cartesian coordinates =, y of a point within 


the circle, with a for the constant of inversion, to a point whose coordi- 
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nates are v, v, which lies without the circle. Hence as (2, y) is to traverse 
the interior of the quadrant of the circle, (v, v) is to traverse the portion 
of the first quadrant of space which lies outside the quadrant of the circle, 
and therefore, the circle having equation u?+v?=a? in the new coordinates, 
the limits must be 

v—Ala? — u? to v=% from u=0 to u=a, 
and v=0 to v=o from u=atou=o, 
which agrees with the result stated. 


Ex. 9. Obtain the value of the integral 
I= J $/(Ax3 -9Bzy + Cy?) dz dy, 


extended to all values of x, y which satisfy the condition 
Az*--2Bzy + Cy? = 1, 

A and С being supposed positive, and AC — B? > 0. 

The conditions given indicate integration within the area bounded by 
the ellipse Ax*+2Bary + Cy*=1. 

Divide this area up by a family of similar and similarly situated con- 
centric ellipses, of which a type is 

! Ax? -2Bry + Cy! —t, 

t varying from О to 1. 

The equation to find the semi-axes of this ellipse is 


1 A+C 1 АС- ВБ о [Smiru, Conic Sections, 
+ 0, 


p 1o e Art. 171.] 
and its area is a 
Hence the area of the annulus bounded by the ellipses ¢ and ¢+ 6 is 
EM S 
' JAC- B? 


and $'(Az?--2Bxy-- Су?) only differs from $'(t) by an infinitesimal at 
any point of this ring. 


Hence in the limit Z= -[ $'(t) . т -=== dt 


МАС j 


-r 2(00- 4(0) 
T JAC- Bi 


Ex.10. Prove that | | du dv over a portion of the surface w=0 is 


f O(u, v, w) dS 


u, v, w being functions of 2, y, 2. 
Let 2, y, z be a point on the surface w=0 at which an element of the 


normalis ôn. Then ón— es , Where 1? =w, +w, +w? (Art. 789). 


WV N AM 
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Also 8. ӧљ is an element of volume, and may be replaced in volume- 
integration by 


D(L, 9» г) Bo Sw (Art. 794), 


O(u, v, w) 
i à 1 
ùe. 08. Е; may be replaced by COE eden 
0(2, y, г) 
_ [ [O(u, v, ш) dS 
апа [[4%4= | O(a, y, 2) h’ 


Ех. 11. Prove that J= f | Í f dx dy dzdw for all values of the variables 
for which x? 4- y? 4- z? + v? is not less than a? and not greater than 0? is 
2 
- at. 


In this case we cannot appeal immediately to a figure to help in the 
determination of the limits. 

We may at first ignore the condition that 224-224-224 102 is not less 
than a?, and let the variables have full range of any values up to such as 
will make 2? 4- y? - 2 --w?—0?, We shall then subtract the result for such 
as make the variables in the extreme case such that 2? 4- y? -- 2? -- w? p a?. 

In the first integration, keeping 2, y, 2 fixed, w ranges through all 
values from — J/D3 — 22 — у? — 2?! to + 3/02 — 53 —y* — 2, and 


[ff [acarasav- ] f [tela ay ae 
= [|а Bae dy de 
In this integral, keeping x and y constant, z ranges from 
z= – 02—22 — у? to а= + М0 -a-y 

zv bi — 22 у%— 2 Day s _, z 
такап m шамы Nj mr Биг) 
c and y being constant during the integration. And inserting the limits, 

[ | Í JB- 38 -yl - Ade dydi- | | T (0? 22 — у%)йгау. 


We have now reduced [аак to 2.5 | [@-«*-у%ўйгау; 


and now we are to integrate with regard to y, keeping x constant, and the 
limits for y are from —^/$#—а% to 4- D — a3. 


Also [te may e -ey - 5 


hud =9[#(- 22) 


when the limits are taken. 


and Јува 
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We have now arrived at {т f (02 — 22)! d, the limits for x being from 
—bto +b. Риб x=bsin 0. The integral then becomes 


2:5 taf b cos*Q b cos 0dÓ ог E 5 5» 

Now, in exactly the same way we тау вее, as is indeed obvious at once, 
that the amount included in excess by giving the variables free play up 
to the case x?+y?+2?+w?=6? instead of excluding those values which 


2 
make 2? + 3? 4- z? + и? — a? is э 


ЫК 
1.е. g Ot. 


Hence the summation of the cases from 
22+ +22 + и? = а? to 23 y! 2E и? = 02 
à T (иа). 
It is clear also that after the first integration with regard to w had been 
completed we might for the remainder have illustrated the triple integral 
Í J Í JB nat yi ds dy ds 


by integration through a spherical volume, the summation being that of 
Nb? — 5$ — у? — 2 throughout the sphere 2?-- y? 4- 22 — 02. 
Then writing 2?-- y? -- 2 —7?, we have 


1-2 [^ [ [8-7 з 6d6 dg dr 
о Jo 70 


=8r [iJ - т dr=8r o [ sin? x соз? ydy, (r=bsin у) 
0 


= 81 bt на ) = as before. 

832. Case of an Implicit Relation between Two Sets of Variables. 

In our previous work and in the typical examples discussed, 
we have regarded the transformation formulae to be such 
that each of the one set of variables is expressed, or easily 
expressible, as an explicit function of the variables of the new 
group. If this be not so, we can still form the Jacobian by 
the rules of Arts, 543 and 544, Diff. Calculus. 

For in the case when 


Л@, y, u, v) —0, fs (v, y, и, 0) —0 
are the connecting equations, we have 
Of» Se) . O(a, O(a, y) - Ouf fe). 
(x,y) 2(и, v) lu, v)’ 
and when | filz, у, z, ч, ©, w)=0, 
F(a, y, 2, и, v, w)=0, 
Sal, y, £, м, v, 10) =0, 
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are the connecting formulae, 
O( fo So fs) d O(z, у, 2) (1:202 fs) , 
ol, у, а) Olu, v, w) o(u, v, ш)! 
and generally, if there be » connecting equations, 
Л=0, f, 0, f=, ... f, —0, 
between 2n variables, 


€, 1... 800. 25 Xe 00s Tas 


Of fo. --- f») Oz, 2, -- EA —(—1) (А, --- Sn) : 


O(2, 2$, ... А OC(t, Uy, ... Un) 0(0,, s, ... Uy) 
Hence for а double integration 
AD p 
(и, v 
Vda dy = | | V —-— du dv, 
|| , | oe к». 
PT O(a, y) 
and for a triple integration 
З) Jo ^ 
, O(u, v, wW 
еа у 255-9. у) du do dv, 
9(z y, 2) 


and so on. 


DIGRESSION ON JACOBIANS. JACOBIS AND BERTRAND'S 


DEFINITIONS. 
833. Jacobi's Definition. 
If f, fo fo ... f, be any function of the n variables 
PN Do, мн 
Tet д. Гү Л 
дт, Of Os [^ 


of. ә 9 9А. 
ты ёк 


Ox, 


the determinant 


ДЕ А: Жш 


О, QN. DES ОЮ, 


is called the Jacobian of f,, fo» fa --- f, with regard to z,, z,, ... 


21 


Jacobi in one of his memoirs pointed out the strong ару 
which the properties of this function bears to those of а 


differential coeffieient of a function of a single variable. 
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resemblance of results, rather than of demonstrations, has 
already been mentioned (Diff. Calculus, Articles 542 onwards). 
It was by starting from the form of this determinant that 
Jacobi's investigation proceeded. 


834. Bertrand's System of Increments. 

A different standpoint was suggested by M. J. Bertrand in 
a memoir to the Académie des Sciences (1851), which has 
many advantages, and Jacobi’s results may be deduced from 
M. Bertrand’s new definitions almost as corollaries. 

Let fi fos ... fn be n functions of ће n independent variables 
NM ARUM Bigs 

Let us give to these independent variables the following n 
systems of increments, viz. 

di, d, dg, ...dz, 


dy, д dm, dye, (А) 
etc., 
dto “his, Es... dur, 


and let the corresponding increments in the several functions be 


df, d,f, df, ...df, 
dif, dofo dofo -dofn EEA ды UC 


etc., 


d, f, dafa йу ix dh d, f, 


ie. d,f, is the increment of f, when ху, z, etc., increase to 
2, 4-d,2,, t,+d,x,, etc. 

These several increments dx, d£; d£, ete. though in- 
crements of the same variable, are arbitrary and independent, 
and there is reserved to us the power of making them equal 
later, or of assuming any such relations between them as we 
may subsequently choose. 

It is clear that we have the n? relations of which 

iod da e das e Ei cV (C) 
is a type, it being unnecessary in the partial differential 
coeffieients occurring to specify which of the particular in- 
crements we choose when we proceed to the limit in their 
formation. 
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835. Bertrand's Definition of a Jacobian. 
M. Bertrand's definition of a Jacobian is that it is the ratio 
of the determinant formed by the increments of Group B to 


the determinant formed of the increments in Group A. 
Now 


| dit, dis, d25, е3 dz, x of 9f ee СА 


| weeessosesquetesessevssenesoseececcososececececen | |7 SHteeeeesserereresesesonee 


"ЛЛ ere) 


dafis dafas Inf» +) Anfa 
by the rule of multiplication of determinants and by virtue 
of the equations of Group С. 

Hence Bertrand’s definition agrees with that of Jacobi. 
We have, however, gained command over the increments of the 
independent variables. 

If we adopt the notation Df and Dz for the determinants 


d f dfi] and dg, dirais] 
delet оң, Lr DA. 
d. fi, ++) +++ | d42,; , 


respectively, we have J =]. 

836. Corollaries. 

1. It follows at once that if F,, F,,... Е, be functions of 
Fis fa; «+» fn, and fy, fa, t: fy be functions of 2,, 24, ... 2, then, 
since DF DF Df 

Dx Df Dr 
we have 
Jacobian of Fi, F,, ... Jacobian of F, Fa ... 

(Bem regard to 21, T, м ен regard to fy, fo « 

feros of f, fas zb 


with regard to z,, 25, ... 
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Df „Рт 
2. Also, since Dez Xe we have 


hs ic OL Jas dne ше of z,, Ze, "|+ 
with regard to z4, £a, ... X | with regard to f, fa, cd ye 

3. Again, if F,—0, P,—0,... Ё,=0.... , F,=0 be n indepen- 
dent equations connecting n variables мү, u,,... Un, and n 
other variables ту, zs, .. жт then, since 


x ey аш Au dn +2 ad PI 
ОЁ, oF, oF, 
LI б tou d,u,4- T$. d,u, — 0, 
we pe 
d F, OF, OF, 
i #14 .. + he = (3 diut.. “5 м.) 


тр may be баена into 
d, T s = —d,, PN PN "+++ ожо» з» "— И) 


the suffix x being attached to indicate those partial differential 
coefficients in which иу, us ... are regarded as constant whilst 
Ly, Ly... Vary and vice versá. 

Now D,F and D,F are the respective determinants 


d, oF, d, , F,, “es d, , F, and d, s Et d, «Fa, ee КЕ UPS 


d, , F,, d, , F,, .. deti d, , F,, inpia d, , PF, 
divi, ee AP, à,.F,, d, Fu vor dF , 


and by virtue of equations (a) the constituents of the one only 
differ from the corresponding constituents of the other by 
a negative sign, whence 


D,F-—( —1)"Р,Р, 


D,F 
, Du „ Рх 
that is ү um бы. DEP 
Du 


Hence in the case of implicit connections amongst the 2n 
variables w;, Ug, ... Un; 21, Lg, ... Ln, by virtue of n equations 
F,=0, F,—0, ... F,—0, connecting them, 
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Жл. Jacobian of му, Us, ... Up 
with regard to 21, Zz, ... Ln 


Jacobian of Р,, F,,... with regard to 2, £z, ..., 

hein treating u4, us, ... as constants | 
Jacobian of Р,, F,,... with regard to му, Ue, ..., 

| treating 2, 2$, ... as constants | 


The substance of this and the immediately preceding articles 
on M. Bertrand's treatment of Jacobians was communicated to 
the author many years ago by his former tutor, the late 
Dr. E. J. Routh. The reader may consult Bertrand's Calcul 
Différentiel, pages 62-70, and Calcul Intégral, pages 465-469. 


837. Advantage of Bertrand's Definition. 

It will be seen that M. Bertrand's definition leads to simpler 
proofs of the fundamental properties of Jacobians than those 
given in Arts. 540, 544 of the author's Differential Calculus, 
and retains а command of the several increments which we 
shall find useful for subsequent work in the transformation of 
a multiple integral. 


838. Bertrand's Method of Calculating the Jacobian Determinant. 

Let there be 2n variables, in two groups, viz. £i, Ea ... v, 
and 01, Ug, ... Un, connected by n independent implicit relations 
F,=0, F,—0, F,—0, ... F,=0. Then n of the 2n variables 
are independent. If increments be given to each, these 2% 
increments are connected by n homogeneous linear equations, 
and if n —1 of the increments be chosen to be zero, the ratios 
of the remaining n+1 are determinate by the n connecting 


equations. 
Consider the » incremental systems, 
diu du, diu, ..., 0,9,1, | diim.) 0; Оше 5 
0, dia; deta, ...; du, | dum, d'au, 0, .. 0 
0, 0, dau, ...7 аи, diti» diti, 4,23, eee 0 ? 
0, 9 Oy 6 Op du dum dus, dum, i: dus, 


that is systems in which 


increments d,v,, diu, ..., d,u, give rise to an increment 
dix, in ху, but make no change in £g, 23, ..., Zp, 
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and increments Фм», dats, ..., d4u,, daz, give rise to a change 
daz, in £p but make no change in Uy, 23, 24, ..., Ln; 
and so on. 

Let J be the Jacobian of z,, £a, ..., 2, with regard to 
Uy, Мә, +, Une Then forming J according to Bertrand's defini- 
tion, each of the determinants of the increments, the one 
formed from the z-increments, the other from the u-increments, 
reduces to its diagonal term, and 
viens dj$,.dg5,.d47, ...d,24. Ou, Or, Om, ег 

d,u,.d,u4.d4us ...d,u,. Ou, Фи, Физ OU,’ 
22, 
2и, 
that in и, when Wj, Ug, ... Upy, 21, Tp ++» t, are regarded 
as constants, 


where is the limit of the infinitesimal change in z, to 


839. It is necessary for the use of this rule to consider the 
several connecting equations reduced to such form that 


(1) 2, is a function of 4,,2,,2,,...,2,; №, only varying; 
(2) 2, is a function of u,, Ue, 25,..., 2,; uz Only varying; 
(3) x, is a function of му, us, Ug, 24,...,2,; Ug Only varying; 


(n) 2, is a function of му, м», Ug, ..., Un; Un only varying. 


The calculation of J will then be reduced to the multipli- 
cation of the several pei differential coefficients derived 
therefrom. 


840. Illustrative Examples. 
Ex. 1. If z—rcos 0, y=rsin 6, write 
а= М? =y, containing one of the new variables; 


y —rsin 6, containing two and no z. 


Then J= -.rcos @==7—. 


" 
xr — y 


Ex. 2. If z—rsin6 соз ф, y=r sin Өзіп ф, z=r cos 0, write 
ж=мМ/г®— у? — 2, containing one of the new variables ; 
z=r cos в) containing two and no 2; 
у= т віп Ө зіп ф, containing three and no гог z. 


Or Oz Әу T 


Then к, 9 59 ` dur .(—rsin 0)(rsin 0 cos $) = —*sin 0. 
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 Ex.3. If x4 y z—u, y 4 z—uv, z—uvv, we have 
х= ш у – 2, containing one new variable, 
у= ио – 2, containing two and по z, 
z=uvw, containing three and no z or у; 
Ox Oy. Oz 


=a’ = ж— = 2 
and J: ov l.w.wuv-u?v. 


Ou Ov 


Ex. 4. If л, =" зір Ө соѕзф, 2#3=7sin Өзір ф, 
xa=r соз 0 cosy, а =ғ cos Өзін y, 


ме have х,=4/72 232—232 2,2, containing r, Xa, 73, 4%; 
гу=^/2®% cos? G — 202, containing 7, Ө, TEs 
x,=r sin Өзір $, containing 7, 0, 4; 
а, = cos Q sin y, containing r, 6б, y; 
and 
Qv, Әл, Org Or, r -risin 0 cos 9 
Ј= 21 LÀ I:74.-—..-— — —- — .rsincos$.rcosÓ cos 
дг 00 Ob OV эч P ? y 
= – "3 sin Ө cos 0. 
Ex. 5. If жү==т cos 0,, 


23 =т sin Өгсоз Ө», 

T4— 7 sin 0, sin Ө, cos 63, 

a, —rsin 0, sin 0, ѕір Өз cos 64, 

ay —rsin 0, sin 0, sin 0, sin 0, cos 05, 

ay—r sin Ө, sin 0, sin 0, sin Ө, sin Os, 
we have ж mr — 2,2 — 24? — 257 — 24% — 2°, 

xı =r cos @,, 

£a=r sin 0, cos Ө», 

æ =r sin 0, sin Ө, cos 0з, 

xı=r sin 0, sin 0, sin 0, соз 0,, 

ж =r sin 0, sin 0, ѕіп 0, sin Ө, cos Os; 


and J--( — rsin 0,)( rsin 0, sin Ө) ( ^ r sin Ө, sin б. sin Өз) 
6 
х (—rsin 0, sin 0, sin 05 sin 0,)( —rsin 0, sin 0, sin 0, sin 0, sin 0,) 
= ( — 1)575 sin* 0, sin? 0, sin? 0, sin 04, 
a result which can obviously be generalised. 
841. Change of the Variables in any Multiple Integral. General 


Theorem. 
Let the integral in question be 


т> IE уйа, dz, ... dy 


there being » integration signs, and V any function of the 
variables ху, a ... 2,. Let the new system of variables be 
Ui, t, ... Un, there being n independent connecting relations 


F,—0, F,—0, ... F,=0, 
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between the two groups of variables, either set forming а 
group in which there is no interdependence. That is, the group 
21, La, ... 2, forms a set of n independent variables, as also does 
the group Uj, w,... Un. When a further relation is assigned, 
say p(X, Za ... Z,)=0, to be satisfied at the boundaries of the 
region of integration, an interdependence of the z-group is 
created, and one of the z-group of variables is dependent upon 
the others. Integration is then to be conducted for the domain 
or region bounded by the specific limitation $—0. There will 
then be a corresponding relation amongst the w-group of 
coordinates, and a specific limitation will be implied for the 
new definition of the domain of integration when Z has been 
referred to its new coordinates. 


842. In the transformation of J three separate considerations 
are to be attended to. As has already been pointed out in the 
case of double and triple integration, we have to consider 

(1) the determination of the new form of V, which is merely 

an algebraic matter of substitution or elimination ; 

(2) the assignment of the new limits which is also an 

algebraic matter, materially assisted in the case of 
double and triple integration by geometrical con- 
siderations ; 

(3) the determination of the new element of integration 

which is to replace dz, dz, dz, ... day. 


As regards the assignment of new limits it is not possible 
to give a general rule, but it must be such as will cause the 
march of the new element as described in the new system of variables 
to traverse the same domain once and once only as was traversed 
in the march of the original element, which domain was defined 
by the limits of integration in the original system of variables. 

Let us imagine that the connecting equations have been 
thrown into the forms 


gm f MU ys or mus (1) їе. Us, Us, ... и, eliminated; 
Ра EIC E Иш (2) 449 uw, luus 
T3 =/%(щ,, ш, Us, Lys vee Ln) ste); ete. ; 
ete., 
En =f (thy, ч» ч... A) ese (n) etc. 


www.rcin.org.pl 


THE GENERAL MULTIPLE INTEGRAL. 35 


We have seen in earlier articles and examples, that in a 
given multiple integral the order of integration may be 
changed, provided a suitable change be made in the limits. 

Then, first, suppose we attempt to replace integration with 
regard to z, by integration with regard to u. 

Change the order of integration in 


1- |||... [уа da, ... de 


so that dz, stands last with the suitable change in the limits. 
We then have to perform the operation 


I il „Дра, da, .. dz, |n, 


and in this operation £, 7z,,...2, аге to be regarded as 


constants, and equation (1) gives da, =< oh н: 


And since fu de,=|U эш йч, we rity as z, and wu, are the 


only varying quantities 


1-|[ ff.. fv da, da, ... dz, | Ah df idu, 


where V, is what V becomes when f,(w, 2, 2, -.. £n) has 
been substituted for v, that is, V, is the value of V expressed 
in terms Of Ui, Lo 23, ... Lp. 

We have now arrived at 


= [Ir а, de, Vide, A 


Let us repeat the process. 
By change of order of integration with a suitable change in 
the limits, transfer dz, so that it stands last. 


1- |] .[v.2h ad ad C db, udi, 


ог lil \|- {v2 aS v. Qu du, | dz,, 


and in this operation z,, z,,... ns ш ате to be regarded as 


о 
constants, and equation (2) gives dz, =z du,. 
2 
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Whence again applying the theorem [оао Mli, 
2 


and z,, и, being the only "€ quantities, we have 


mm If. р, pn dz, ... dz, du, | fa Ll 


where V, is what V, Wen when f,(u,, Uz, 25, ... Lp) is sub- 
stituted for z, that is V, is the value of V expressed in terms 
Of му, Uy, Tz; ... Ep; and we have now arrived at 
(2, O 
ы | Ју Де $ deuda, -Ae ди, du 

Continuing this process of changing the order of integration 
so that dx, is transferred to the end, and then exchanging the 
variable x, for u, etc., we finally arrive at 

Эһ of. a fn 
[= IE fv ^M Ou. Qu, Otte du, du, ... du,, 

where V, is the value of V when all letters of the z-group in 
V have been replaced by letters of the u-group, that is 
„= У’, say. 

Now it has been seen that 


UN аб, 


J=(— n [^ EET AP eR EFT. pad 1 

amm OU. ОН. 00. dE cr ON Lu we 
oF, oF, о, ||| ah ӘР, ОР, 
Ou, Ou, "Ow, || | Oa,’ Om, "m, 


eee eee eee eee вз» зөт ез n | | ttt]! ! |] | x |n 


(Р. Mas s iL) 


O(t4,, Un, Why ... Му) 
or SUR Fe сүн? А7 
RLE o T. T... д; 
О(@ ый) Дл. Ca) 
where in forming the numerator all letters of the z-group are 
considered constant, and in the denominator all letters of the 


u-group are considered constant. 
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Hence, we have finally, 


|у] {5 dz, da, ... dii, 
[' MF NES А 
= ш сее мы, 


Btn es 7, reee а) 


4? . . = 2 + + 
Ec ee ett irm і be the connecting equations, 


av – уи= 0, 
zm, y 
ELM. LO AP sil а* 
“fa v| wee (EFA 
v, и 


Compare the process of Ех. 8, Art. 831. 


844. The Vanishing of J. 

It may be noted that the vanishing of J would imply that 
when 2,, Zo ... =, are regarded as functions of Uj, Ug, Us, ... , 
there would be some identical relation amongst the members 
of the z-group of variables; and if J were infinite, we should 
have J’=0, and there would be some identical relation amongst 
the values of u,, Wo, ... Un as expressed in terms of 2, Lo, ... Lp, 
(Art. 547, Differential Calculus). We have, however, assumed 
all our several connecting equations F,=0, F,=0, ... F,=0, to 
be independent relations, so that no such identical relation 
can occur amongst either set of variables. 


845. Remarks. 

It may be useful to call attention to the fact that in the 
geometrical treatment of Arts. 792 and 794 for double and 
triple integrals respectively, the new element of integration 
was formed and the variables were changed to the new group 
all together. In the general proof of Art. 842, the original 
variables were exchanged for the new variables one at a time. 
When a geometrical method of determining the new limits 
is not available, this consideration will often be useful for 
their proper assignment, and may be used when other means 
are wanting. But the process followed out in detail is 
generally tedious, as every change in order of an integration 
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as wellas every exchange of а new variable for an old one 
necessitates in general a readjustment of the limits of each 
integration. 


846. Examples in which Multiple Integrals of Order higher than 
the Third occur in Physics. 

Multiple integrals occur frequently in researches of physical 
nature, of higher degree of multiplicity than the third. For 
instance, in the problem of the illumination of one surface by 
another, the two surfaces being such that every point of the 
one can be seen from each point of the other, the quantity to 
be evaluated is the quadruple integral * 


(feme asas 


where dS, dS’ are the elements of the two surfaces; ¢, ф the 
angles which the outward normals make with r, the distance 
between dS and dS’, and the integration is to be conducted 
over each surface. In such case, the limits form two separate 
groups, the one referring to surface S, the other to surface S’, 
and if any transformation of variables be required, а new 
assignment of limits being required, they will be available 
from geometrical conditions for each group. 

Another illustration from Physics is in the mutual potential 
of two attracting systems, which for a continuous distribution 
of matter in regions P, @ has for its expression the sextuple 


integral 
we кеъ, 


where pp is the volume density at a point p of the region Р; 
p, the volume density at a point q of the region Q; 
dr», dr, elements of volume at p and q, and fp the 
distance from p to q. 

In this сазе also the system of limits will be two separate 
systems, the one ensuring summation through the region P 
and the other through the region Q. And if any change of 
variable be required to facilitate integration, necessitating a 
new assignment of limits, they will be available as in the 
former case from the geometrical conditions for each group. 


* See Herman, Geometrical Optics, Art. 157. 
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847. Case of Implicit Relations. 


If in Art. 839 Equations (1), (2), ... (n) had not been supposed 
{о express 


x, explicitly as a function of wu, zs, 25, ... Ens 
£ explicitly as a function of t, us, £z, ... 
etc., 
but had been given as implicit relations, viz. 
фа(м, 2, 25,...2,) =0...(1), in which te, tg, ... v, are 
eliminated, 
pali, Чә, 23, 23, ... 24) =O ...(2), in which 2, Ug, ... €, are 
eliminated, 
pali, Ue, Ug, 25, ... $4) —O ...(3), etc., 
etc., 
$n (Чу› Ча, Us, ... Un, 2,) —O ...(n) etc., 
we have in the subsequent work, from equation (1), con- 
sidering 25, 25, ... Z, as constants, 


9$ 


On; 


and from equation (2), considering u4, 25, 2,, ... Z, as constants, 


Ope 


ах. = -5 dus, 


OX» 
and so on. 
And we finally obtain ia the same way as before, 


fS- pras ans vs dz, 


Әф дф» Ops iie 


78. п , 1 2и, Ou, `` 
(2& neff.. Iris cue SU t Si oia d б du, 
OX, Lg Of, 


848. For example, taking 
фа=%—а4%—у%—4 —0 (containing 2, y, x, r), 
ф, =r* sin? 6 — 22 — y*—0 (containing y, x, r, 0), 
=r sin Ө cos $ — 2 =0 (containing x, r, 9, $). 
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Then we have 


f f [ vacavis- - [[[v ОЗ С: 8 SEd 404$ 


цу! ‘ar ain Bone ~rsin Bain 
рк еа SS у ы айныйды 
„ЧЕГ, , 4 віп? Ө cos Ô sin $- 4404$ 


rsin @зїп ф.” cos 0 
uj Í Í V'r! sin 6 dr dO d$, 
as we should expect; see Ex. 2, Art. 840, and elsewhere. 


849. Example of Assignment of Limits. 


Ex. Asan example of the assignment of limits in a multiple integral, 
let us take two squares of sides 2a in parallel planes at distance c apart, 
the squares being placed so that they form the ends of a rectangular 
parallelepiped of square section, and let us find the mean value of the 
squares of the distances of points on the one square from points on the other. 
By a mean or average value we shall suppose to be meant that each 
square is divided up into equal small elements, and the sum of the 
squares of the distances apart is to be divided by their number, t.e. if 
there be such elements, and rpg be the distance between two of them at 
Erho 805% 
88,85, 
if 85 and 8$, be the elements at P and ©; and in the limit, when л 
becomes infinitely large, we have 


Hrs .* (See Chapter X X XVI. Art. 1657.) 
par 


Let O, O’ be the centres of the squares, and take O for origin and axes 
of z and y parallel to the sides of the squares. 

Divide up each square by families of lines parallel to the axes, and let 
(x, y, 0), (2, y’, с) be the respective coordinates of P and Q. Then the 
Mean Value required is 


f J f IL dy’ de dy 


Now keeping the position of Q fixed, we may add up all the elements 
rpo Ox ду in a strip between x and z--óz, by varying y from —a to +a, 
keeping 2’, y, x constant. Then, still keeping z', у' constants, we may 
add up all the strips in the square ABCD which lies in the x-y plane, by 
integrating with regard to x from s= —ato == +а. We have then 
completed the summation of all such quantities as ^2, бе’ ду’ for all 


P and at Q respectively, Хто or, which is the same thing, 
n - 
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positions of P in the square ABCD. Inthe same way we may add up the 
results of these integrations for various points of the square A'B'C'D', 
by integrating with regard to у from —a to +a, keeping 2 constant to 
add up the elements in a strip between 2 and x’+62’. And finally in- 
tegrating with regard to z’ from — а to +a will add up the results for all 
the strips in the square A’B’C’L’ and will complete the integration. 


N 


Fig. 312. 


And the same with the denominator. The result for the denominator 
is obviously the product of the two areas, i.e. 4a? x 4a? or 16a*. 


The numerator is 
1] (à? -- y? - x^ 4 y? – 2хх' —Qyy’ 4+ с?) dx’ dy’ dx dy, 
and it will save some trouble to observe : 
(1) That for every term wx’ dx’ Sy’ dx dy, there is another term 
&(— x^) 8a’ Sy’ ӧл бу. 
Hence such a term contributes nothing to the value of the 
integral, and the same with the yy’ term. 


(2) That obviously 
Èr? 18 d8’ = Уу? dS d8' = Xx” dS dS’ = y" dS dS". 


Hence it will be sufficient to attend to the value of one of them, 
and quadruple the result. 


Now 
[з [ F zdz’ dy’ dx dy = ny Заа? die’ dy’ de 


к а f Jf Е ) da' dy’ (2а). = | 


Hence the value of the numerator is 
4(2$ a9) + c? . 16a*, 
2 
y i368 


and 3 
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It follows that the mean of the squares of the distances from any point 


2 
of a square to any other point of the same square is e by putting с=0. 


[Also see Art. 1657 and Art. 1658, Ex. 2.] à 


850. A Consideration useful for the Simplification of some 
Transformation Formulae. 


Let a multiple integral Ha Vdu,du,..du, be trans- 
formed in two ways: 
(1) to a set of variables z,, z,, ... 24; 
(2) to a set of variables £, £, ... Ên. 


And suppose these two sets are linearly connected with each 
other, the transformation formulae 


| 
for the linear connections being | ё | ё | és 
given by the transformation scheme ый хеч d 
in the margin. Апа let the two bs d Tin 10d 
results be 2,11, | т | n 
me 2 ri ih 
| | ашкы e к юш 


sind ff - [rer an d£, ... d£,. Ps ie Jue de plo, 


Then, the Jacobian is a covariant of му, uz, ... Un; we have 
PERG T, Si |р, 


(Dif. Cale., Art. 546), 


ш being the transformation modulus. And that the above 
expressions are equal may be seen by transforming directly, for 


{fr J, de, da, ... dz, 
= [f [v.n 5p de, de, ү A 
-[f «n Ji i d£, d£, d£. 
=||.. [renati ids 


and the results are identical, as might have been expected. 
It follows that if a transformation be proposed to a set 
of variables £,, £,, £,,..., a transformation to another set | 
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21, Ty, 2,,... may be substituted for the former, where а 
suitable choice of linear connection between the former and 
the latter sets may sometimes be made to simplify the 
working. 


851. For example, if the transformation formulae proposed be 
u,=(4¢+ By) sin (0+ Dn), 
u— (A£- By) cos (C+ Dn), 
we shall have the same result as if wetransform with the easier formulae 
ш = 2: sin d 
Uy — x COS y, 


for which the Jacobian is obviously — 2, and multiply the result by the 
modulus A D ~ BC. 


Thus СЕ 7 


= -(AD- BO| [V.(Ag+ врага, 


thus avoiding the more troublesome evaluation of the Jacobian with 
regard to £, ». 


852. Speaking of the result 
П edy a= [f fv See bE du dv du, 
Lacroix* remarks: “Се resultat a été donnée pour la premiére 
fois par Lagrange en 1773. Mais Legendre, en 1788, en a 
fait des applications que Lagrange n’avoit point indiquées." 
This application referred in part to the analytical proof of a 
theorem with regard to the attraction of a spheroid. 

The corresponding result for a double integral had been 
employed by Euler in 1769. 

Many references with regard to the history of the subject 
are given by Todhunter, Integral Calculus, Art. 251. There is 
a valuable table of references in Lacroix’s Cale. Diff. et Int., 
vol. ii, prefixed to the volume, which may be useful to 
students interested in the subject and desiring to consult early 
writers. 


* Lacroix, Calcul. Diff. et Int., vol. ii., p. 206. 
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PROBLEMS. 


1. If the rectangular coordinates of a point are 
t=a+ecosa, у= [8 + е зіп а, 
show that the area included between the curves ау, [8;, a,, f, is 


AC 0 ) 38. — eh _ 20, eR), 
ГҮҮ! 4 (Mara. TRIP., 1873.] 


2. Integrate ||a?dzdy over the space enclosed by the four 
parabolas y=4ar, y=4he, w=4ey, x? = 44у. 
[TRINITY COLL., 1882. ] 
3. The four curves у= а22, у= 022, y = сай, y = da? intersect in four 
points, excluding the origin, and thus form a curvilinear quadri- 
lateral; prove that its area is 


Le a7) 

13 "(s d3 [Охкокр П. P., 1901.] 
4. An area is bounded by those portions of the four rectangular 

hyperbolae zy —a?, zy 2 a'?, 1? – y? — с, 2? - y2=c'?, which lie in the 

firs& quadrant. Every element of the area is multiplied by the 

square of its distance from the centre. Prove that the sum of all 


such products 18 1 (a? m a?) (c ы с"). [J. M. Scn., Oxr., 1904. 
5. If the surface density o of the area in the first quadrant 
bounded by ay" am ay = bP, 


ачу" РЕС agit xy? = bts, 
be given by сту = Е, show that the mass is 
ymo, og o 
, mq — np 
6. Change the variables from z and : to u and v in the double 
integral a 
afz 
[Је 0 аав 
oJz 


where zy —u?, 22 + у? = v?, [Sr. Jonw's, 1882.] 


s . log р: 


b 
7. Show that in К А f(z, y) dzdy all terms in f(x,y) may be 
—-aJj- 
omitted which contain an odd power of x or y. 
Find B (x + y) eos (mz + ny) da dy. 
0J —z 


e[V*z азуу 
8. Transform 1 [. (2 +102 + ap 
2] ё= y/u Ja + + аа, 


and show that its value is т/4 4/2, [Охғовр II. P., 1903.] 


(Trinity Corr, 1881.] 


by the substitution 
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9. Change the order of integration in 
a 2% 
207a 
| | ‚ “Рад. 
072 
а 


if 
10. Н zy-£& 22-0 = transform | | V dzdy so that in the 


[Sr. Jonw's, 1889.] 


o Јо 
result we integrate first with regard to £ and then with regard to з. 
[R. P.] 

11. Change the order of integration in the expression 


F o Vdedy; 


с?+2* 
also, change the variables to £ апа » where 22 +12 = 7, ёх = cy, without 
assigning the new limits. (It may be assumed that Ё is greater 
than Л.) [Sr. Jonw's, 1888.] 
12. Prove that j 


ao, 
02 түт 
е) dx dy = G р 1) ab, 
1+ dà + p 
the integral being taken for all positive values of z and y such that 
dit yb. s 
ates” [Сол„ксЕз, 1886.] 


13 Express [] f(z, y) dz dy in terms of r and б, where х = 7 cos 6, 
y=r sin б. 
Change the order of integration in 


"^ fs y)ded 
T, А 
f | Nazz 4 : [COLLEGES a, 1883.] 


14. Change the order of integration in 
ab 


т = NAEP 
pr | a f(a, y) dy de. 
0 0 (Sr. Joun’s, 1892.] 


15. Change the order of integration in 


f. | m (r, 6) de dr. 


16. Change the variables from 2, y to u, v, where 2+% =u, 
£y —v, and find the limits in the new integral when integration is 
extended over the positive quadrant of the circle x? +y? = a?. 

[Sr. Jonw's, 1881.] 
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17. Change the order of integration in the integral 


{fh V dz dy, 
c bata 


where ¢ is less than a. [COLLEGES a, 1888. ] 


18. Change the order of integration in 


Маї—т% 
NI U dz dy, 
oJ 4Na*—2* 


U being a function of z and y. 
Express the same integral in polar coordinates. [CoLLEGES а, 1886.] 


19. Show that 


Фа e 2az "n 2% 
| | LI f 22 y ds dg, 
o J N2az-z* a J3-a 7 


when . 6-5» = x 


and change the order of integration in the latter integral. 
[CoLLEGES £, 1889.] 


20. If the density of a plate be ГЕТ. show that the mass of the 


part enclosed by the curves 22 – j?— a, 2? — у= B, zy = y, 1у= $ is 
p (P(* du dv 
AMMETTA 
Show whether this gives the mass of one of the areas between the 
two curves, or of both. [COLLEGES a, 1883.] 
21. Change the variables from (=, y) to (u, v) in the double 
integral || $(z, y) dz dy, where 22+ =u, zy — v, and the integration 
extends over the area bounded by the straight lines 
у=т, z+y=1, y=0, 
obtaining the new limits on the supposition that the order of inte- 
gration is first u and then v. [CoLLEcEs a, 1870.] 
Verify your result by evaluation of the integral for the case 
when ф(2, y) = 1. 


22. Change the variables from x and у to £ and 7 in the expression 
V dz dy, having given $(z, y, £ п) =0 and y(z, у, & т) - 0. 
Show, by transforming to polar coordinates, that 
tana 0. бапа 
[7 go dzdy — tan-1 89€ 9 = 008 4, 
0 0 


(a2 +42 + ay 2 
(Trinity, 1882.] 


www.rcin.org.pl 


PROBLEMS. 41 


23. If r, ' be the distances of a point in the plane of reference 
from two fixed points at a distance 2c apart on the axis of 2, then 
between corresponding limits of integration 


|| 2cy dz dy = ||” dr dr. [Oxronp II., 1886.] 
24. Prove that 


l l 
f az rre y)= de dy Fi - 1-2), 
o Jo o Jo 
and hence deduce that 


” po 
[ dof d@ (sin 0 sin 8)-!sin(6 — 6) -1- ET: 
0 0 2. 


[SYLVESTER.] 
25. Prove that 


[æf ereer- ало-о) He -2 


(Sr. Joun’s, 1885.] 


26. Transform the integral 4 dz dy by the substitution 
z=ccos Ё соз n, y=csin £sinh 7. 
(CoLLkEcES y, 1890.] 
97. Itu c v / 1 = ó(z y — 1), ys "cy 


О Gry Je GC) «GO 


when V’ is x) M. of substituting for т, y in terms of а, v in F. 
[COLLEGES a, 1881.] 


28. If х =авіп а соѕ ё соѕћ з and у =а ѕіп а зіп ё ѕіпћ y, transform 


а сова Маай 
f r (= — a sin at y?) 3dz dy 
o Jo 


into an o in terms of £ and э, and evaluate the new integral. 


y2 
29. If ae 5-1 and $= Пату transform the 


variables in the integral to 0, ¢, where 
z=asin 0 cos ф, у= віп Ө зір ф. 
[Ivony, Phil. Trans., 1809.] 

30. Prove that the assumptions 

1, —rcos б,, 

2, = т sin Ө, cos 6,, 

„у ==? Sin Ө, sin 0,...sin 0, , cos 0, ,, 
z, =r sin Ө, sin 0,... sin Opo sin 6, ,, 
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will transform the integral er dz, dx, daz... dæ, into 


+ n ... Ит sinn=20, sin^796, ... sin 8, ., dr dó, ...d6, ,. 
(CLARE, ETC., 1881; Торномтев, Ли. Calc., p.241.] 
31. Show that 
48 ff (x? + y? + 22) de dy dz = 5та5 
for positive values of т, y, г limited by 2?4 y «az and Fa. 


[Охғовр II. P., 1889.] 
32. Prove that 


(a? + y? + 22)? 513 © sf 1 
SS Кен pd oor ig 


+ y+ 22 + a?) 2 

[CorrLEGES y, 1882.] 
33. Two given rectangular hyperbolae have the same asymptotes ; 
two other given rectangular hyperbolae have also common asymp- 
totes, one of which coincides with an asymptote of the first pair, 
while the other is parallel to their other asymptote. Show that the 
area of the curvilinear quadrangle formed by the four hyperbolae 
is the same, whatever the distance between the pair of parallel 
asymptotes. (Maru. Tripos, 1895.] 

34. Transform the double integral 


ffe y^ dy dz 
by the formulae z--y-w, y=uv, showing that the transformed 


result is 
fre n-1(] — yym-lyn-1 du dv. 


> 


[JacoBr, Crelle's Journal, tom. хі.) 
35. If Ufo Ugg, у= 1ш, Ug? — US, 
prove that || f dz dy dz 


is transformed into 4 | | | Р, du, du, diy. 
36. Show that 
К; oat —2% } 
f ‘iol т E. en + (1 -A-m 
«dy tat а 


and both from geometrical considerations and by direct evaluation, 
show that this integral is equal to the integral 


(Oxrorp II. F., 1885.] 


a Nee dz 
| 0 '| а (22 +12) (Oxronp I. P., 1912.] 
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